The ability to distribute the precise time and frequency from an optical clock to remote platforms could enable future precise navigation and sensing systems. Here we demonstrate tight, real-time synchronization of a remote microwave clock to a master optical clock over a turbulent 4-km open air path via optical two-way time-frequency transfer. Once synchronized, the 10-GHz frequency signals generated at each site agree to 10 −14 at one second and below 10 −17 at 1000 seconds. In addition, the two clock times are synchronized to ±13 fs over an 8-hour period. The ability to phase-synchronize 10-GHz signals across platforms supports future distributed coherent sensing, while the ability to time-synchronize multiple microwave-based clocks to a high-performance master optical clock supports future precision navigation/timing systems. 
Introduction
The distribution of time and frequency across a network enables applications such as navigation, coherent multi-static radar, communications and very-long-baseline interferometry. In the past, these applications have relied on microwave-based time-frequency transfer between microwave-based clocks. However, optically-based time-frequency transfer over fiber and free-space has the potential for over a thousand times higher performance [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Recently, we demonstrated optically-based two-way time-frequency transfer (O-TWTFT) for comparison between the times of two distant optical clocks over turbulent free-space paths [7] . Moreover, because of the very high bandwidth and precision of O-TWTFT, it was possible to tightly synchronize the two optical clocks to identical times to better than a femtosecond over hours and better than 20 femtoseconds over days [11] .
Here we demonstrate synchronization between an optical clock and a remote microwave clock. We use the O-TWTFT approach of Ref. [11] , but significantly modified, to support optical-to-microwave synchronization. The motivation to synchronize a microwave rather than an optical clock is twofold. First, while state-of-the-art microwave oscillators (e.g. quartz and dielectric resonator oscillators) have lower precision than optical oscillators (e.g. cavity-stabilized lasers), they are less expensive, smaller, more robust, and have lower power requirements by orders of magnitude. Second, many time-sensitive applications make use of a microwave signal, for example in the X-band at 10 GHz, which was not available in the all-optical system of Ref. [11] . A microwave clock at the remote sites can supply this required signal directly, efficiently, and at high signal power. In future time networks, optical-to-microwave synchronization would enable fieldable master optical atomic clocks [12] to distribute time across a network of much simpler microwave-based clocks while maintaining the absolute accuracy of the master. As conceptually illustrated in Fig. 1a , applications to other distributed coherent systems include multi-static synthetic aperture radar [13] , precise time-resolved synchrotron measurements [14] , very-long-baseline interferometry and radioastronomy [15] [16] [17] [18] , pulse-position-modulation communication [19] , or distribution of time to mobile platforms in a GPS-denied situation. In general, tight synchronization of a microwave clock is made difficult by its much greater timing noise than an optical clock. In GPS-disciplined oscillators, this timing noise is suppressed to the nanosecond level; here, we suppress this noise to the femtosecond level.
As shown in Fig. 1b , we synchronize our microwave clock to the optical clock over a folded 4 km long turbulent air path. Each clock outputs both a time signal via labelled optical pulses from a local frequency comb and a separate rf frequency signal at 10 GHz. Here, we use the term "clock" to refer to the generation of a local timebase rather than an absolute international timescale. It refers to the combination of frequency comb, oscillator, and controller (Fig 1b) that produces a
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phase-coherent output of labelled pulses, i.e. "ticks", to define this local timebase; we are concerned with the difference between two such relative timescales. With modifications of the system, the master site could also be disciplined to an absolute timescale. Fig 1. (a) Conceptual multi-static synthetic aperture radar where an array of microwave oscillators are synchronized to a single master optical oscillator. LO: local oscillator (b) The master site's clock is based on a laser stabilized to an optical cavity (optical oscillator). The remote site's clock is based on a combined quartz oscillator and dielectric resonator oscillator (DRO). This remote microwave clock is tightly synchronized to the optical clock over a folded 4 km long air path via O-TWTFT. The time and the frequency outputs from each clock are compared in a separate measurement to verify femtosecond time offsets and high phase coherence of the synchronized signals.
An "out-of-loop" comparison of the time signals shows a time deviation (tdev) below 10 femtoseconds for integration times ranging from 0.01 seconds to 1000 seconds, reaching values as low as 200 attoseconds. This time deviation increases in the presence of turbulence-induced dropouts because of the random walk of the microwave clock. However, it remains below 10 fs at ~85% link availability. A comparison of the 10-GHz frequency signals shows a similarly high level of coherence; the frequency difference, as measured by the modified Allan deviation, is 10 −14 at 1 s and drops to below 10 −17 at 1000 s. Within the 100-Hz synchronization bandwidth, the differential phase noise between the 10-GHz signals is reduced resulting in a 110-dB suppression at a 1-mHz Fourier frequency. The integrated differential phase noise is 375 rad from 100 Hz to 100 Hz. This integrated phase noise corresponds to 6 fs of timing jitter, which is 3×10 5 times lower than the 2-ns jitter of the free-running microwave clock integrated over the same bandwidth. This phase coherence at 10 GHz is maintained despite a free-space link that suffers from turbulenceinduced dropouts. To summarize, the demonstrated optical-tomicrowave clock synchronization performance is comparable to optical-to-optical clock synchronization, in the limit of no turbulenceinduced dropouts. Moreover, it provides highly phase-coherent 10-GHz signals, which were not available in the all-optical system [11] .
We note that the synchronization rests on the previously demonstrated ability of the frequency comb to coherently convert phase between the microwave and optical domains. This capability is already used in optical frequency division to create extremely stable microwave frequencies [20] [21] [22] [23] . Here, the system exploits the frequency comb for optical-microwave coherence over a distributed system. Critically, the timing information is carried by high-bandwidth optical signals, which enables the high precision and rapid feedback required to phase-stabilize a remote microwave clock. The remote microwave clock does require a co-located optical frequency comb, but current frequency combs, such as those in Ref. [24] , are more compact and robust than optical oscillators (cavity-stabilized lasers). Figure 2 provides an overview of the system. At the master site, a compact, self-referenced fiber frequency comb [24] is phase-locked to a cavity-stabilized laser with a residual pulse timing jitter of a few femtoseconds. The frequency comb produces a near-infrared optical pulse train with 200-MHz repetition frequency whose pulses are "labeled" by a local field-programmable gate array (FPGA) controller with respect to their arrival at a calibrated reference plane to define a local time. In addition, the 50th harmonic of the comb repetition frequency is detected to generate a 10-GHz frequency signal. (The exact choice of microwave frequency will depend on the application.)
Experimental Setup
At the microwave-clock site, a self-referenced frequency comb is phase-locked to a 10-GHz microwave oscillator via the 50th harmonic of its repetition frequency. (Details on the microwave clock architecture are presented in the supplemental material.) This labelled 200-MHz optical pulse train then provides an optical time output, just as is done at the master site. This clock remains a microwave clock since its timing rests on the underlying compact and inexpensive microwave oscillator rather than a much larger cavity-stabilized laser.
To synchronize the clocks, their time offset must be measured. Although we synchronize a microwave clock, the measurement of the time offset to femtosecond precision is done optically through O-TWTFT [7, 11] . O-TWTFT relies on the reciprocity of a singletransverse-mode spatial link to cancel out turbulence and platforminduced variations in the path length and extracts the underlying clock time offsets. There are three basic subsystems: a comb-based two-way time-frequency transfer, a "coarser" two-way time-frequency transfer via a pseudo-random binary sequence (PRBS) imposed on an optical cw carrier, and a two-way optical communication channel for exchange of timing information. The coarser two-way transfer is necessary to resolve the 5-ns ambiguity of the 200-MHz comb pulses and to provide a coarse path delay measurement. The comb-based time transfer uses a linear optical sampling approach [25] to detect the pulse arrival times with femtosecond-level resolution. This linear optical sampling requires a third "transfer" comb located at the master clock site with a repetition frequency offset by fr relative to the master comb. Here, we have modified the O-TWTFT system of Ref. [11] in three significant ways to allow optical-to-microwave clock synchronization. First, the microwave clock is constructed to maintain tight phase coherence between the microwave oscillator and local frequency comb used in the time transfer. (See Supplemental section.) The timing corrections returned from the O-TWTFT are applied directly to the 10-GHz oscillator so that its output follows the master site at low Fourier frequencies but retains the low phase noise of the dielectric resonator oscillator (DRO) at high Fourier frequencies, which is useful in applications such as synthetic aperture radar and phased-array systems where timing jitter at high offset frequencies degrades performance. Second, the effective overall feedback bandwidth has been increased tenfold to suppress the much higher random walk of the microwave oscillator compared to an optical oscillator. Third, the feedback is applied by a Kalman-filter-based loop filter for optimal hold-over performance during a turbulence-induced dropout.
For the comb-based two-way transfer, the combs are operated at a repetition frequency of fr ≈ 200 MHz with the transfer comb's repetition rate offset by fr ≈ 2 kHz. The comb pulses are filtered to a 1.5 THz spectral bandwidth centered at 1560 nm. An average power of 5 mW (2×10 8 photons per pulse) is launched across the 4-km folded open air path from both sites. The folded 4-km path is achieved through use of two 53-cm diameter flat mirrors separated by 1 km. Optical pathlength variations from mirror motion, just as those from turbulence, are removed by the two-way measurement. 2.5-cm aperture custom lowinsertion-loss free-space optical terminals with tip/tilt correction are used to maximize the link availability, i.e. the amount of time the received power is above the detection threshold. The received power varied between 0 nW and 3.8 W and was below 370 nW for 99% of the time. The detection threshold, the minimum received power for which the in-loop time offset can be computed, was set to 2.5 nW, corresponding to 96 photons per comb pulse. To operate over even longer air paths with similar link availability, a higher launch power will be required to overcome the increased diffraction and integrated turbulence. Also, the increased time-of-flight associated with longer air paths will degrade the two-way reciprocity but it has been shown this effect will have negligible impact on the two-way time-frequency transfer [26] .
The coarser two-way time-frequency transfer and communication link are both implemented by phase modulation of a 5-mW 1536-nm cw laser. This light is then wavelength multiplexed with the comb and co-propagated to the other site where it is heterodyned against the local cw laser and demodulated. For coarse two-way time-frequency transfer, a PRBS modulation is used, while for communication, binary phase-shift keying (BPSK) is used, both operating at 10 Mbps. Communication packets are interposed between adjacent coarse twoway time measurements within a single time interval of length 1/fr.
The communication link transfers the timing data from the master optical-clock site to the remote microwave-clock site. An FPGA-based controller at the microwave-clock site then computes the time offset between the two clocks, T, from the O-TWTFT master synchronization equation (Equation (1) of Ref. [11] ) every 1/fr ≈ 0.5 ms, as long as there is no turbulence-induced dropout. This time offset is input to a Kalmanfilter-based loop filter whose output controls the microwave-oscillator frequency via a direct digital synthesizer (DDS). (See the next section and the supplemental section for more details.) The overall synchronization bandwidth was set at 100 Hz by empirically minimizing the residual timing jitter. As the overall system is essentially a spatially distributed phaselocked loop, it necessarily drives the measured in-loop time offset, T, to zero. It is therefore critical to verify synchronization through separate out-of-loop measurements, which is possible here through the use of a folded air path (See Fig. 1b) . Moreover, the synchronized time outputs and frequency outputs must be separately measured. As shown in Fig.  2 , the 10.037-GHz frequency outputs are down-mixed by a common 10-GHz stable oscillator to match the input bandwidth of the phase measurement test system [27] .
The time offsets of the 200-MHz pulse trains are measured through the amplitude variation of their demodulated optical interference [11] . A 1-MHz heterodyne signal from the two pulse trains is obtained by shifting the carrier-envelope-offset frequency of the remote comb. This demodulated signal is shown as the "Time Offset" inset in Fig. 2 , where the blue dot indicates "zero" calibrated time offset. Any deviations in amplitude from this zero point reflect time offsets between the clocks. This approach allows for time offset measurements within a range of ±5 ps, based on the choice of optical filters, and femtosecond uncertainty. Direct photodetection of each signal is also possible but will introduce additional time uncertainty. These signals would form the time output of the clock to be used in a real-world application. It is also possible to pulse pick these time signals for a lower rate time signal than 200 MHz, depending on the application.
Synchronization Across Turbulence-induced Dropouts
Atmospheric turbulence causes distortions of the beam across the link and thus fluctuations in the received power. Because O-TWTFT requires a single spatial-mode optical link to ensure reciprocity [28] , the fluctuations are relatively strong compared with a multi-mode link. Depending on transmitted power, turbulence strength, and distance, these turbulence-induced fluctuations can sometimes cause the received power to fall below the detection threshold, causing a dropout. The statistics of the dropout frequency and duration will depend on the exact conditions (i.e. turbulence strength, launched power, detection threshold, aperture diameter) and have been analyzed extensively in the context of free-space laser communications [29] . When a dropout occurs, the measured time offset is not updated. Microwave-to-optical synchronization puts greater demands on the system than optical-tooptical synchronization due to the larger excursions of microwave oscillators during these dropouts. The naïve approach of a sample-andhold leads to runaway behavior. A Kalman-filter-based approach provides close to optimal hold-over behavior [30] . Figure 3a shows the implemented loop filter based on a Kalman filter whose state vector contains two variables. The filter performs an estimation of the phase and frequency error between the clocks using intermittent time offset measurements provided by the O-TWTFT system. When a measurement is available, the internal estimate of the timing error is updated using feedback gain factors that depend on the dropout length and an a priori noise model. White ( Figures 3b and 3c show the performance across relatively long dropouts of 50 ms. (Dropouts due to atmospheric turbulence usually last less than 10 ms under our operating conditions [11] ). For most dropouts, the timing error due to the random walk of the microwave clock is below the high-frequency timing-jitter, yet for longer dropouts there can sometimes be a significant excess deviation. The rapid recoveries from the excess deviations will appear in the phase-noise power spectral density (PSD) as an increased white noise floor below the synchronization feedback bandwidth (see Fig. 6 ). Since the remote controller has knowledge of the dropouts, a distributed system could operate in either "gated operation", only during periods of fully established synchronization, or in continuous mode that includes periods of dropouts. Here, in gated operation, data is masked during the period of a dropout until the in-loop time offset becomes available again and falls below a threshold. (The threshold is chosen to be 2 of the instantaneous in-loop time offset.) 
Performance
To test the synchronization, the system was operated continuously over an 8-hour period across the 4-km folded link. During this period, the synchronization was verified for both the time and frequency outputs of the clocks. In addition, the link availability, clock correction signals, and turbulence strength were also monitored. The measurement was stopped when shifts in the mirrors used to fold the optical path caused a very long dropout. (The free-space terminals include tip/tilt corrections to correct for temperature and turbulence-induced variations in pointing, but the folding mirrors have no active correction.) Figure 4 shows a partial data set including the out-of-loop time offset, link availability, and turbulence strength averaged over a 1-second window. The average link availability was 85% but varied significantly over the run depending on turbulence strength and the alignment of the folding mirrors. The time offset is discussed in more detail below. 
A. Time outputs: Femtosecond time synchronization
The time between the two clocks is verified via the arrival of their optical pulses at a common reference plane (Fig. 2) . Figure 4a shows the time offset for gated operation. Figure 5 shows the time deviation derived from these data for gated operation and also for continuous operation. The time deviation for continuous operation is below 10 fs for time periods ranging from 1000 s down to 0.01 s. The time deviation for gated operation is also below 10 fs reaching a minimum of 200 attoseconds at a 10 second averaging time. Finally, the overall variation in the time offset across 8 hours, shown in Fig. 4 , is below ±13 fs. This variation is dominated by laboratory temperature variations that cause path length changes in the ~1 m fiber-optic paths used in the out-of-loop measurements as well as elsewhere in the transceivers. This temperature dependence can be seen in the slow 20-minute oscillations of Fig. 4a , which match the cycling of the room air conditioning. Both the time offset of Fig. 4a and the time deviation for gated operation of Fig. 5 are in good quantitative agreement with the previous optical-to-optical synchronization [11] . Therefore, there is no degradation in the time synchronization associated with the conversion of the remote clock from optical to a microwave oscillator beyond the unavoidable excess time wander that occurs during dropouts.
B. Frequency outputs: Synchronized 10 GHz signals
The 10-GHz microwave frequency signals are also compared during the 8-hour run by measuring their phase difference, as shown in Fig. 2 . In this case, the phase measurement test system [27] only allows for continuous comparison of 10-GHz signals rather than gated operation. These phase-difference data yield a phase-noise PSD that quantifies the relative phase coherence or an Allan deviation that quantifies the relative frequency difference. We discuss both here. In addition, we can compare the coherence of the microwave signal to that of the optical pulse train. Figure 6 shows the single-side-band PSD between the two sites for the case of a free-running microwave clock (purple line) and synchronized microwave clock across the turbulent 4 km link (red line). At low offset frequencies, the suppression of the free-running oscillator noise is significant, reaching 110 dB at a 1-mHz offset frequency. (Below a 1-Hz offset frequency, the synchronized 10-GHz phase-noise is also below that of a free-running optical cavity.) This dramatic suppression of phase noise at low offset frequencies leads to a corresponding reduction in the integrated timing jitter. The timing jitter for the synchronized system is 6 fs integrated from the 100 Hz synchronization bandwidth to 100 Hz, compared to greater than 2 ns for the free running case. Fig. 6 . Single-side-band power spectral density (PSD) for differential phase noise of the 10 GHz outputs from the optical and microwave clocks without synchronization (purple curve), while synchronized over the 4 km link (red curve), and while synchronized over a shorted link (grey curve). The integrated phase noise is 375 rad (6 fs) for the red curve from 100 Hz out to the synchronization bandwidth of 100 Hz. In addition, the PSD calculated from the optical time outputs is shown (in blue). Figure 6 also shows the differential phase noise for a synchronized system over a shorted link (grey line), rather than over 4 km. There is an increase in phase noise for the 4-km synchronization at offset frequencies from 10 Hz to 10 mHz, which is attributed to dropouts and not to a lack of reciprocity across the link. As discussed in Section 3, dropouts occur only briefly and appear as wideband noise on the PSD, extending up to the synchronization bandwidth.
Finally, Figure 6 shows the scaled phase noise from the optically measured time offset signals (blue line). The direct 10-GHz measurement exhibits a slightly higher phase noise than the optical measurement at low Fourier frequencies due to Note that the master 10-GHz signal is not tied to an atomic reference but rather drifts slowly with the underlying optical cavity. However, for many sensing applications, the important parameter is the relative frequency stability of the microwave signal between clock nodes rather than the absolute frequency. If better long term frequency stability is required, an atomic clock could be used at the master site. At long averaging times there is a slight degradation compared to the values based on the optical time output (blue line). This degradation again reflects the additional excess 
Conclusions
We report the synchronization of a microwave oscillator to an optical oscillator over a 4-km turbulent free-space link. The residual time deviation is below 10 fs with a long-time variation that remains below ±13 fs over 8 hours. We find similar phase coherence between the synchronized 10-GHz frequency outputs with a residual frequency difference of 10 −17 at 1000-s averaging. For greater phase-coherence at Fourier frequencies beyond the effective synchronization bandwidth of 100 Hz, the quartz-DRO pair could be replaced by an optical-frequencydivision-generated signal [20] [21] [22] [23] or a cryogenic sapphire oscillator [31, 32] . The high coherence and full time synchronization demonstrated here could enable applications from time distribution to long-baseline radio astronomy. If extended to moving platforms by appropriate compensation for Doppler shifts, this technique could similarly enable applications such as precise formation flying of phased satellite-arrays.
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